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CHARGE OF A QUANTUM PARTICLE AS IMAGINARY

ENERGY AND FRACTAL POTENTIAL ENERGY

A.BHATTACHARYA, R. GHOSH, S.PAL, D.S. BHATTACHARYA

Abstract. The charge of a quantum particle is suggested to have a contribu-
tion from fractal potential energy which arises from the non differentiability
of space-time along with imaginary mass. It has been suggested from scale

relativity that quantum particle are subjected to a fractal space-time which
predicts two valuedness in the velocity field. The velocity contains a diver-
gent term which in turn depends on the fractal dimension of the particle. The

divergent part has been extracted for hadron which are described as fractal
objects with fractal dimension of 9/2 in the context of statistical model. A
contribution from fractal potential has been suggested and an expression for
the charge is extracted with imaginary fractal potential energy which is found

to depend on the covariant of velocity field. It is suggested that the fractal
potential manifests the charge of the quantum particles and closely related to
the space-time of the quantum particle which is fractal.

1. Introduction

The existence of imaginary mass and energy are the one of the area of interest
for a long time. The particles with imaginary masses but with real energy and
momentum is suggested to exist [1]. The imaginary energy usually describes the
time dependent part of the wave function and the life time of states. It is wellknown
that the fundamental properties of a particle are electric charge and mass. The
gravitational and electromagnetic interaction can be visualized as the interactions
of their complex energies. The electric charges usually understood as the interaction
among the charges in the framework of coulomb interaction whereas the mass as
the gravitational interaction [2-4]. It has been suggested that the electric charge is
a pack of certain amount of imaginary energy and quantization of the imaginary
energy gives electric charge quanta. Zhang [5] has investigated electric charge as a
form of imaginary energy and suggested that classically it unifies gravitational and
electric forces.

The dimensionality of a quantum system is a very important property which
governs the dynamics of the system itself. Non differentiability of space time of
quantum particles and the dimensionality relating the fractional charges of particles
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are investigated by a number of authors [6-13]. It has been suggested that the scale
relativity is much more fundamental and considered to manifest the fact that set has
has structure at every minute level. Nottale [7] has pointed out that the resolution
at which a system is observed should be considered with motion at the same footing.
The path of the quantum particle is fractal and uncertainty is basically associated
with the space-time structure of the quantum particles [10]. The scale relativity
deals with the passage from differential to non-differential geometry where time
derivative of displacement is replaced by covariant or making the system covariant.
The non differentiability includes two valuedness in the velocity and a complex
fractal force is identified due to fractal fluctuation [7].

In the current work we have investigated the charges of a particle as imaginary
energy. The contribution of fractal potential energy which originates from the frac-
tal space-time of the quantum particle has been included in the energy expression
of a particle’s total energy. Divergent part of the velocity field is extracted for
hadrons with fractal dimension DF =9/2 which is a prediction of statistical model
[14]. An expression for the electric charge has been extracted with contribution
from fractal potential.

2. Formulation

To describe the motion of a quantum particle in fractal space, the complete geo-
desic equation includes average distance and stochastic fluctuation which is closely
related to the fractal dimension DF as: [7].

dξ = a
√
2D(dt2)

1
2DF (1)

where < a2 > =1, D = ~
2m or 2mD = ~, a fundamental constant. The corresponding

velocity possesses two valuedness which can be expressed as:[7],

dX/dt = v + a
√
2D(dt2)

1
2DF (dt2)

−1
2 (2)

dX/dt = v + w (3)

which indicates that the velocity contains a divergent term (w). For last few decades
we have suggested a statistical model for hadron which is widely used to study the
properties of hadrons and exotics [14-17].The most important prediction of the
statistical model is describing a hadron as a fractal object and prediction of fractal
dimension of a hadron. The wave function for hadron is obtained as:[14]

ψ(r) = A(r0 − r)3/4θ(r0 − r) (4)

where r0 is the typical radius parameter of a hadron and A is a constant. The wave
function has a remarkable feature that it is non analytic in nature and shows a
scaling property. The fractal dimension for hadrons has been found to be D = 9/2
[13-15] when the topological dimension DT = 3. From (2) with DF =9/2, a=1, we
arrive at :

w =
~√
m
(dt2)

−7
18 (5)

which diverges as dt→0 and exhibits its non differentiability as a consequence of
the fractal nature of the hadron. The fractal dimension indicates the measure of
complexity of a system which can not be shown by the integer dimensions. It
has been pointed out by Nottale [7] that each of v and w is of two values due to
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infinitesimal time symmetry (dt→-dt)and suggested complete velocity field which
includes differentiable and fractal part as:

ν̃ = (
v+ + v−

2
− i

v+ + v−
2

) + (
w+ + w−

2
− i

w+ + w−

2
) (6)

and the complex Lagrangian runs as:

L =
1

2
mν̃2 (7)

L =
1

2
m(v + w)2 (8)

The effect of non differentiable fractal fluctuation can be described by an effective
force and a fractal potential can be derived [7]. It has been stated that in the scale
relativistic approach force is nothing but the manifestation of every structure of
the space. An expression for fractal potential has been derived as: [7]

ϕF = −imD∇ν (9)

The above equation shows that the non differentiable space-time and fractal na-
ture of the space, induce a fractal part of the potential which originates from two
valuedness of the velocity field of the particle.

Electric charge is basic property of matter carried by elementary particles. Un-
derstanding of electric charge as a form of imaginary energy is area of interest for
long. The energy of a particle is suggested to be a complex energy where the real
part represents mass and the imaginary part represents the electric charge [5]. The
total energy can be expressed as:

E = EM + iEQ (10)

where EM is gravitational mass EM =Mc2 and EQ = Q√
G
c2, Q is the electric charge

of the particle, G is the gravitational constant. We suggest that the expression of
energy of a quantum particle in (10) will be modified by the contribution from the
fractal potential as obtained in (10) and can be recast as:

E = EM + iEQ − imD∇ν (11)

with 2mD = ~, we get;

E = EM + i[EQ − (
~
2
)∇ν] (12)

EQ′
= i(EQ −mD∇ν) (13)

For antiparticle with imaginary energy negative sign the energy expression will be:

E = EM + i(mD∇ν − EQ) (14)

From (14) we found that the imaginary part of the total energy is modified
from the contribution of fractal potential and found to depend on the covariant
of complex velocity. The charge of a particle which is described as the imaginary
part of the energy suggested to have a contribution from space-time structure of
the particle itself.
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3. results and conclusions

In the current work we have investigated the charge of a quantum particle as
imaginary energy considering the contribution due to fractal space-time of the quan-
tum particles. Divergent part of the velocity field is related to the fractal dimension
and we have derived an expression for divergent part of the velocity field for hadron
with the input of fractal dimension of hadron 9/2, predicted from statistical model.
The origin of charge is one of the fundamental question which is understood as
the imaginary energy of a particle. Ahanger [18] has investigated complex matter
space and special theory of relativity in a unifying approach and discussed the rela-
tivistic approach of energy and momentum in complex matter space (CMS). They
have made a detail study of CMS with the postulates that mass and charge is two
intrinsic component of matter where real parts equals to the mass and imaginary
part as the charge and in one dimension space, position and velocity are real num-
bers. They have pointed out that CMS will give better understanding of energy
momentum conservation, antiparticle, tachyon, dark energy, dark matter and also
unification of forces. Theory of relativity admits particle with imaginary mass and
particle moving with velocity greater than light but only prohibited by the law of
causality. Current work focusses on the consequences of fractal space-time to the
charge of a quantum particle. The two valuedness of the velocity which are fractal
function of resolution has been discussed. The charge of the particle is modified
with contribution from fractal potential. It is interesting to observe in the current
investigation that the complex velocity field is related to the space-time geometry
and fundamental property, the charge of a particle. The charge is suggested to be
manifestation of fractal space-time in addition to the imaginary mass EQ. It is
suggested that the detailed study of the space time structure is unavoidable for our
understanding of fundamental laws of nature and the properties of the particles.
Recently we have investigated the fractional charge of quarks relating fractal di-
mension describing quarks as quasi particle [19]. In our future work we focus on
the fractional charges of quarks related to imaginary mass.
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